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THREE-POINT NEVANLINNA PICK PROBLEM 
IN THE POLYDISC 

LUKASZ KOSINSKI 


Abstract. It is very elementary to observe that functions interpolating an ex¬ 
tremal two-point Pick problem on the polydisc are just left inverses to complex 
geodesics. 

In the present article we show that the same property holds for a three-point 
Pick problem on polydiscs, i.e. it may be expressed it in terms of three-complex 
geodesics. Using this idea we are able to solve that problem obtaining formulas 
and a uniqueness theorem for solutions of extremal problems. In particular, 
we determine a class of rational inner functions interpolating that problem. 

Possible extensions and further investigations are also discussed. 


1. Introduction 

In this paper we shall be dealing with Pick and Nevanlinna-Pick interpolation 
problems in the polydisc. The precise definitions and statements are given below. 
Before we formulate them we shall introduce some preliminary notation: D denotes 
the unit disc in the complex plane, T stands for the unit circle, and i7°“(ID)”) is the 
algebra of bounded holomorphic functions in the polydisc D". 

A solvable N-Pick interpolation problem on D” is a set of points {zi ,..., Zn} in 
D" and a set of complex numbers {Ai,..., Xn} in ID such that there is an F in the 
closed unit ball of i7°“(ID”) that satisfies F{zj) = Xj, j = 1,..., N. Such a function 
F is called an interpolating function. This problem is extremal if it is solvable and 
there are no interpolating functions with norm less than I. 

The original Pick problem was stated for n = 1 and solved by Pick in 1916 m 
who showed that a necessary and sufficient condition is that the matrix 

\ 1 — ZiZj J 

is positive semi-definite. Here, all extremal solutions are just Blaschke products of 
degree at most N — 1. 

It is not clear how to get a solvability criterion in the case of a general domain. 
An important step towards understanding this problem was achieved by J. Agler [2] 
who extended in 1988 Pick’s theorem to the bidisc using kernel function approach. 
He showed that the Pick problem is solvable in ID^ if and only if there are positive 
semi-definite N-hy-N matrices P and A such that 

(1) (1 - XiXj) = (1 - zlzj)rij -h (1 - zfz])Aij, 


2010 Mathematics Subject Classification. 32E30 (30E05). 

Key words and phrases. Pick interpolation problem, Nevanlinna problem, extremal mappings. 
Partially supported by the Ideas Plus grant 0001/ID3/2014/63 of the Polish Ministry of Science 
and Higher Education. 


1 




2 


LUKASZ KOSINSKI 


where superscripts are used to denote the coordinates of points Zj. The key role 
in Agler’s approach was played by Ando’s inequality which, as is well known (see 
e.g. 0), does not generalize to higher dimensional polydiscs. Consequently, it is 
impossible to obtain an analogue of criterion o for ID)” if n is greater than or equal 
to 3 (see [6], Section 11.8). 

Following Agler and McCarthy [6] we shall distinguish Pick and Nevanlinna prob¬ 
lems in a somewhat informal way. Roughly speaking the problem whether one can 
interpolate is called the Pick problem and the Nevanlinna problem is parametrizing 
all interpolating functions. The Nevanlinna problem is difficult to deal with, just 
to mention it is still open for the bidisc, the best known result is due to Ball and 
Trent ([9]). It leads to the question on the uniqueness of interpolating functions. 
It is quite well understood for the two-point Pick problem not only in the polydisc 
(in fact, it is straightforward there) but also in a bigger class of domains (see [IS]). 
However, a little is known for a general case of A^-points. So far, only uniqueness of 
interpolating functions to a three-point Pick problem in the bidisc has been clear 
(see Agler and McCarthy m- There are also some partial results due to Guo, 
Huang and Wang [14] for three-point problem in the tridisc. The uniqueness for 
the polydisc was also studied in Scheinker’s papers [21], [22] . 

The problem of uniqueness is naturally connected with the so-called uniqueness 
variety. Let us recall its definition. Having a solvable N-Pick problem on ID” 
denote by V the set of points in ID” on which all the interpolating functions have 
the same value. This set is usually a proper subset of ID” and the argument of 
Agler and McCarthy [5] shows that V is a variety, what justifies its name. Agler 
and McCarthy [4] described uniqueness varieties for the three-Pick problem in D^. 
In [^ they showed that any uniqueness variety contains a distinguished variety W 
(that is a variety of the form W = {( 2 , w) G ID^ : p{z, w) = 0} for some polynomial 
p and such that >V fl 9(D^) = W fl T^) that contains each of nodes. 

The aim of the present paper is to solve a three-Pick (Nevanlinna) problem in 
an arbitrary polydisc. Generally speaking we shall show that an extremal problem 
D” —5> D may be expressed in terms of the classical Pick-interpolation problem 
D D". The relation between these problems is expressed in terms of a 2 — 1 real 
analytic function. The most interesting is that we are able to work with polydiscs 
in C” even for n > 3, where kernel-function methods fail. Note however that the 
results presented here are new even for the bidisc. 

Our approach allows us to determine the class of rational inner functions inter¬ 
polating three Pick problem in ID”. Surprisingly it turns out that for arbitrary n it 
is possible to construct such a class composed of functions depending only on three 
variables. This means that the three-point Pick problem on ID” always boils down 
to the problem in D^. 

We shall also be dealing with the problem of uniqueness of interpolating func¬ 
tions. In particular, we shall obtain a distinguished variety contained in the unique¬ 
ness variety for that problem. Moreover, we shall show that, briefly saying, the 
problem is unique if and only if it is 2-dimensional (see Section [2] for a precise 
definition of a 2-dimensional problem). 

To formulate the main result we need to introduce the notion of N-extremals 
and A^-complex geodesics which appeared recently as very natural generalizations 
of both Blaschke products and extremal mappings. They were defined in [S] and 
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m- Precise definitions are postponed to Section lU as to formulate our result the 
following characterizations are sufficient: a i-complex geodesic in D" is a mapping 
/ : D —>• D" with all components being a Blaschke product of degree at most 2. 
Additionally, F : D" —>■ D is its left inverse, if F o / is a Blaschke product of degree 
at most 2. One can see that demanding that Blaschke products occurring above 
are of degree 1 we obtain definitions of standard extremals and their left inverses. 

Now we are in a good position to state our main result in the most general form: 

Theorem 1. Any function interpolating a non-degenerate extremal 3-point Pick 
problem on D” is a left inverse to a 3-complex geodesic passing through the nodes. 

Lemmas m [3] and [S] contain more detailed versions of this result. 

We shall also show (see Section lTUl) that there is no hope to generalize Theorem[T] 
to the case of A-points, A > 4. This in particular means that the case of three 
points is very special. 

Some connections with problems arising in Geometry Function Theory, especially 
with the Lempert theorem, are also discussed in the paper. 


2. Statement of results 

Let zi,Z 2 ,zz & D" be pairwise distinct points and let oi,cr2,03 € D be distinct. 
We say that the Pick-interpolation problem D" ^ ID) mapping each zj to aj is k- 
dimensional if it can be interpolated by a function depending only on fc-variables. 
It is said to be strictly k-dimensional if additionally it is not k — 1-dimensional. 

If some of two point subproblem mapping the pair (z,, Zj) to (Ai, Aj) is extremal, 
we shall call the problem degenerate. Otherwise it is called non-degenerate. 

Since the polydisc is homogenous, considering three-point Pick interpolation 
problem we may always restrict ourselves to the following situation 

{ 0 HA 0 
Z HA CT 
Ui HA T, 

where z, ru e D" \ {0}, z ^ w and cr, r e D. 

Let us start with the result for the bidisc. 


Lemma 2. Let n = 2. Suppose that the problem (*) is extremal, non-degenerate, 
and strictly 2-dimensional. 

Then there are a G D^, oi ^ 02 and ij gT such that A ha (Atoqj (A), ryAmQ2 (A)) 
passes through the nodes and 


F((Am„^(A),77ATOQ2(A)) = Xmj{X), A G D, 


where 7 = toi -|- (1 — t)a 2 for some t G (0,1). 

Moreover, there is a unique interpolating function of the form 


( 2 ) 


F{zi,Z2) 


tzi -\- 77(1 — t)z2 -b U}r]ZiZ2 
1 -b ((1 - t)zi -b tfjZ2)uj 


where ui = ———. 


ai —Q!2 
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If the problem is 1-dimensional, extremal and non-degenerate then, up to a per¬ 
mutation of components, 

Nil < |wi|, \z 2 \ < \w 2 \ and p{—,—) < p{wi,W 2 ) or 

Wi W2 

Z 2 = wzi, W 2 = ujwi for some w S T. 

In other words, there is ip G 0(D, D) such that, up to a permutation of components, 
X (A, A(/3(A)) passes through the nodes. Here, if p ^ TuAut(D), the interpolating 
function is unique and depends only on the first variable. 

An analogous result remains true for the tridisc: 

Lemma 3. Let n = 3. Let (*) be extremal, non-degenerate, and strictly 3- 
dimensional. Then there is an interpolating function 

(3) F{zi,Z 2,Z3) = Fi{F2{zi,Z2),Z3), z G ID)^, 

where Fi, F 2 are rational functions of form @- 

Additionally there are w G and a G where ai,a 2 ,C (3 are not co-linear, 
such that an analytic disc 

A i-A (Amai(A),a;iAma2(A),a;2ATOa3(A)) 
passes through the nodes and 

F{Xmaj^{X),uJiXma 2 {X),uj 2 Xma,^{X)) = Am^(A), A G D, 

where j is a convex combination 0/0:1,02,03. In this case all interpolating func¬ 
tions coincide on a 2-dimensional analytic variety and the function that interpolates 
is never unique. 

Moreover, if the problem is non-degenerate and strictly 2-dimensional, then, up 
to a permutation of components, there are p G 0(0,10), o G w G T such that 
the 3-extremal A 1—>■ {Xmaj^{X), coXiria^iX), Xp{X)) passes through the nodes and 

A(AmQ,j (A),cliAtocij (A), A(^(A)) = Am-y(A), A G D, 

where j is a convex combination of (X\ and 02- Here generically the interpolating 
function is unique (e.g. if p is not a Mobius map). In particular, the problem may 
be directly reduced to the bidisc. 

If the problem is non-degenerate and 1-dimensional, then, up to a permutation 
of variables, \zj\ < |zi|, \wj\ < |wi|, < p{zi,W 2 ) or Zj = ujzi, Wj = ujwi 

for some w G T, / = 1,2. Thus there are pi,p 2 G 0(D,I}) such that, up to 
a permutation of components, X n- (A, A:/3i(A), A:^2(A)) passes through the nodes. 
The interpolating function is unique and depends on one variable if both pi and p 2 
are neither unimodular constants nor automorphisms of the unit disc. 

Remark 4. As we shall see there is a formula for o, w, and points at which the 
three extremal meets nodes. The formula is given in an implicit way as an inverse 
to a rational 2-fold function (which is additionally even with respect to the nodes 
and o). 

Lemma 5. Let n > 4. Then any interpolating function of extremal non-degenerate 
problem (*) is a left inverse to a 3-complex geodesic passing through the nodes. 
Moreover, this interpolation problem is solvable if and only if it is solvable by an 
inner rational function being, up to a permutation of variables, of the form ©. 

In particular, the Pick problem on D" may be reduced directly to D^. 
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As already mentioned the uniqueness variety for the extremal Pick problem 
on D” is always a proper subset of D" if n > 3, provided that the problem is 
not 2-dimensional. However, we are able to determine the variety on which all 
interpolating functions do agree. Here we shall state the result for D^. A general 
case is explained in Lemma 1121 The results presented here means, in particular, 
that uniqueness proven in [14] for some cases is very special, as it may occur only 
for 2-dimensional problems. 

Proposition 6. Let n = 3. Let (*) be an extremal, maximal and non-degenerate 
and let F be its left inverse. Then F is uniquely determined on the 2-dimensional 
variety. 

More precisely, the equality 

(4) F(ATOtai(A), wiAmta2(A),W2ATOta3(A)) = Xmt-f{X), 

holds for any A € D and t € [0,1]. 

Moreover, the mapping F satisfying equality o is never unique. 

Remark 7. The idea used in Proposition |6] (see Lemma [12] for details) applied to 
the bidisc gives another proof of uniqueness of functions interpolating a three-Pick 
non-degenerate and strictly 2-dimensional problem on (see ID)- 

The paper is organized as follows. We start with some quite elementary prepara¬ 
tory results. Next we focus on left inverses. In particular, special class of rational 
functions lying in the Schur class on the polydisc is constructed there and a converse 
to that construction is proven. Then we introduce the crucial notion of extremal 
mappings and complex geodesics. The core of the paper is hidden in Section |6l 

Further sections present the proof of the main theorem. We start with the case 
of the bidisc, which turns out to be a quite straightforward consequence of ideas 
developed in Section |6l That case is used in the proof of the main theorem for the 
tridisc. Similarly, to get the case of arbitrary polydisc we shall involve both results: 
for the bidisc as weel as for the tridisc. 

Finally, in Section |Tni we shall present some connections and applications to 
geometric function theory problems and discuss possible generalizations. 

3. Preliminaries 

Thanks to the transitivity of the group of automorphisms of the polydisc we 
restricted ourselves to the following problem 

{ 0 HA 0 
Z HA (T 
Ui HA T, 

where z^w, z^Q,w^0 and (cr,r) ^ (0,0). Let us denote 

(5) := {(z, w) e D" X D” : z^w,z^Q,w^ 0}. 

A standard Montel-type argument shows that for any (z, w) G and any 
(cr, r) € \ {(0,0)} there is exactly one t = tz^w,{< 7 ,T) > 0 such that the problem 

D" —>■ D: 0 HA 0, z HA ter and re ha tr is extremally solvable. It is simple to see that 
the mapping 


T>„ X \ {(0, 0)1 9 (z, w, (cr, r)) ha € R>o 
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is continuous. 

Moreover, for fixed nodes z,w the mapping 

gives a 1-1 correspondence between the projective plane Pi and the set of target 
points for which (*) is extremally solvable modulo a unimodular constant. 

Saying about the extremal three-point Pick problem (shortly the extremal prob¬ 
lem) corresponding to the data {z,w, [a : r]) we mean: 

{ 0 hA 0 

2 tz,w,{<y,T)<^ 

W tz,u,.(r7,r)T. 

In particular, the target points 'tz,w,(iy,r)'’' 9'^’® determined up to a 

unimodular constant. 


Here is some additional notation. A„ = {t € M" : tj > = 1} stands 

for the closed, n-dimensional simplex. Let A° and 6A„ denote its interior and 
boundary respectively, i.e. A° = {t G R” : tj > 0,'^tj = 1} and 6A„ = A„ \ A°. 
Idempotent Mobius maps are denoted by ma, where a G ID, i.e. ma{X) = iS^'x > 
A G D. t ■ a stands for a standard dot product of t and a. The hyperbolic distance 
in the unit disc is denoted by p. 

We use THJ' for p-dimensional Hausdorff measure. Recall that for any domain D 
in C" and a closed subset A such that = 0 the set \ H is a domain. We 

shall use this fact in the sequel several times. 


3.1. Left inverses. Let a = (ai,...,a„) G D” and t = {ti,. .. ,tn) G A„. We shall 
inductively construct a function F = '■ ID" ID such that 

(6) F{Xmai{X),..., Xmc,„{X)) = Xm-y{X), A G D, 


where 'y = t ■ a. 

The key role in the construction is played by the so-called magic functions: 


(7) 


^s,r,{zi,Z2) 


SZi -I- (1 — S)Z2 — r]ZiZ2 
1 - ((1 - s)zi F sZ 2 )r] ’ 


where ry G T and s G [0,1]. Note that : ID^ —>■ D. 


Lemma 8. Let s G (0,1) and ry G T. Let ip,tp & 0(0, D). Assume that 

X i-G $5 ,)(Aiy3(A), X'ip{X)) 

is a Blaschke product of degree 2. Then both p and ip are Mobius maps. 

If additionally f{X) = maj{X) and '0(A) = toma^iX), A G ID, where Q:i,a 2 G ID, 
ai CX 2 , and w G T, then w = 1 and n = . 

Moreover, for such ry the following relation holds: 

(Aut-q,^ ('^)5 XmQ,2 (A)) (A), A G ID. 

Proof. Let us denote 7 (A) = <l>sr;(A(/?(A), A0(A))/A, A G D. Note that 


|7'(0)| = |V(0) + (1 - s)0>'(O) -I ?ys(l - s)((^(0) - 0(O))^| < 

l-|s(p(O) + (l-s)0(O)|2 = l-|7(O)|2. 

Thus the assertion is a consequence of the Schwartz lemma. □ 
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For n = 2 we put 

Fa,t ■= where -q = ^ 

0C\ — 0C2 

Let a G D", t G A„. Having constructed a desired left inverse F' = Fa''■ 
15”“^ —>• D satisfying ([ 6 ]) for a' = (oi,... ,a„_i) G and t' in a n — 1 di¬ 

mensional simplex, we may inductively define a left inverse D” D. To do it for 
a G D" and t G A„ we put 

( 8 ) F{z', Zn) = Fa^t{z', Zn) 1= (z') , Z„), 

where s G [0,1], 77 G T and t' are chosen so that the function F defined in this way 
satisfies 

Remark 9. If n > 4 the definition of the left inverse F presented above is not 
unique. On the other hand, if ai, 02 , 013 are not co-linear, any point lying in a 
convex combination od 01,02 and 03 , uniquely defines its barycentric coordinates, 
whence Fa,uj,t is uniqnely defined in the way presented above for n = 2 or n = 3. 

To define a left inverse to a general 3-complex geodesic, formula ([ 8 ]) may be 
naturally extended in the following way: 

Definition 10. Let a G D", t G A„, uj G T"“^. Put: 

Fa^ujjt (- 7 ) — FaU , OJji—iZji^ , .7 G ID) . 

As already mentioned, formulas Fa^u,t have sense for an n, but they are defined 
in a unique way only for n = 2, 3. We shall need the following technical observation: 

Lemma 11. If n = 2 (resp. n = 3) and oi 02 (resp. Oi, 02 , 03 are not 
co-linear) left inverses Fa^u:,t, where t G A°, have the following property: if the 
function 

A Fa,cj,ti^rni3^{X),qiXmi32{X),... ,qnXmp^{X)) 

is a Blaschke product of degree 2, then uJi = pi for i = l,...,n — 1, and = 

/3i-/32 

/3i-^2 ■ 

Proof. For n = 2 this is an immediate consequence of Lemma El If n > 3 it suffices 
to use directly the definition of Fa,ui,t together with Lemma El DU 

The subsequent results may viewed as inverse to that construction. 

Lemma 12. Let ai,...,a„ G D. Assume that F : D" —>■ ID is o holomorphic 
function such that F{Xmai (A), • ■ •, Xiria^ (A)) = Xm.y{X) for A G D, where 7 G ID. 
Then 'y is a convex combination 0/ Oi, ..., a„. 

Moreover, for any t G [0,1] the following equality holds: 

(9) F{XmtaiiX),...,Xmta„iX)) = XmtjiX), A G ID. 

Proof. For 0 < s < Sg := min \ c(~^\ put 

5 s(A) := F(Ato 5 „i(A), ..., Amsa„(A))/A, A G D. 

Clearly, gs is a self-mapping of the unit disc, so it follows from the Schwartz 
lemma that |( 7 s( 0 )p -I- |gs(0)| < 1 for any any s G [0, sg). Moreover, the assumption 
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implies that the equality here is attained for s = 1, even more the equality 5 i( 0 ) = 
— 1 + |gi(0)p holds. Rewriting the above inequality we get 



In particular, the inequality 



holds for s G [0,so] with the equality attained for s = 1. This means the left hand 
side of the inequality above is constant viewed as a function of s. Thus putting 
s = 0 we find that Re(^^ = 1- On the other hand |T’ 2 ^( 0 )| < 1, as T" 

maps the polydisc into the disc. This means that tj := (0) >0 and consequently 

< = (ti, e A. Clearly, 7 = 51 ( 0 ) = (0)aj = t-a. 

Note that we have shown that ( 7 ^( 0 ) = —1 + |( 7 s( 0 )p for any s G [0,so)- Thus 
the second part of the assertion is a consequence of computations that have been 
already carried out. □ 

Using this result it is very elementary to deduce the uniqueness of left inverses 
in the bidisc. 

Proposition 13. Let F : —>■ D 6e such that F(Amai (A), (A)) = Am.y(A), 

A S D, where ai 7 ^ 02 , 7 = toi + (1 — t)a 2 , and t G (0,1). Then F is uniquely 
determined (and thus it is of the form Ft^a)- 

Proof. The result is a consequence of the proof of Lemma [T^ Precisely, we have 
shown that for any s G [0,1] the equality 


F [AtUsq.,^ ('^) 7 ^'^sa2 ('^)) — ('^) 7 A G O, 


holds. Let us complexify the mappings t 1 —>■ mta^ (A) in a neighborhood of 0 to 
holomorphic functions t 1 —>■ mj(t,X), j = 1,2. It is quite direct to observe that 
the set of points (Ami(t, A), Am 2 (t, A)), where t and A are small, covers an open, 
non-empty subset of the bidisc. Thus, making use of the identity principle one gets 


the assertion. 


□ 


Remark 14. Observe that the uniqueness presented above does not remain true for 
n > 3. More precisely, there are many left inverses to A 1 —>• (Atoqj (A),..., Xma„ (A)) 
for any n > 3. 

Note that it suffices to show the lack of uniqueness only for n = 3. Actually, hav¬ 
ing two different left inverses to analytic disc ip \ X (Xma^ (A), Xma 2 (A), Xma^ (A)) 
and repeating the construction presented in Section ?? one may easily define two 
different left inverses to p. 

If n = 3 we may construct left inverses in two ways: either as we did it, that is 
considering Z 2 ), Z 3 ), z G D^, or taking Z 3 )), z G D^, 

with suitable chosen t,s,t',s' G (0,1) and uj, uj', r], r]' G T. Observe that these left 
inverses are not identically equal providing that ai,a 2 and as are not co-linear. 
Actually, to avoid tedious calculations one may compare coefficients of the term 
Z 1 Z 2 Z 3 to get that the equality ^t,ui^s,riizi, Z 2 ), Z 3 ) = ^t',ui'{zi,^s',ri'iz 2 ,Z 3 )) on 
would imply that ujt] = oj'rj'. It is not difficult to see that this relation may be 
satisfied only if ai, 0:27 0:3 are co-linear. 
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On the other hand the argument presented in the proof of Proposition [13] shows 
that all functions interpolating a non-degenerate extremal problem in U)^ coincide 
on a 2 dimensional analytic variety of a very special form. 

4. N-EXTREMAL MAPPINGS; DEFINITION AND BASIC PROPERTIES 

In the present section we shall recall the notion of 3-extremal mappings in do¬ 
mains od C”. Definitions presented here occurred recently in in] and [8]. 

Assume that D C C" is a domain and N > 2. Fix pairwise distinct points 
Ai,..., Aat S ID) and points zi,..., Zn € D. As usual, the interpolation data 

(10) Xj 1-^ Zj, D —)■ D, j = 1 ,..., TO, 

is said to be extremally solvable if it is solvable i.e. there is a map h € 0(D, D) such 
that h{Xj) = Zj, j = 1,..., N, and there is no / holomorphic on a neighborhood of 
D with the image in D such that f{Xj) = Zj, j = 1,... ,N. 

Note that the latter condition is equivalent to the fact that there is no /i S 
(!1(D, D) such that h{Xj) = Zj, j = 1,... ,N, and /i(]D) is relatively compact in D. 

Definition 15. (see m)- Let / : D —D be an analytic disc. Let Ai,..., Xn G D 

be distinct points. We say that f is a weak N-extremal with respect to Ai,..., Xn 
if the problem 

(11) A, ^ /(A,) 
is extremally solvable. 

Naturally, we shall say that f is a weak N-extremal if it is a weak extremal with 
respect to some N distinct points in the unit disc. 

The idea of the above definition has roots in [8], where authors introduced the 
notion of extremal maps, demanding that problem (ED is extremal for all choices of 
pairwise distinct points Ai,..., Xn- Definition [T5| is strictly weaker and corresponds 
to standard extremals introduced by Lempert for N = 2. However, for many do¬ 
mains classes of A^-extremals and weak A^-extremals coincide (see E]). This is the 
case for among others homogenous (i.e. with transitive group of holomorphic au¬ 
tomorphisms) and balanced domains. In particular, both definitions are equivalent 
for the polydisc. 

Definition 16. (see m)- Let N > 2. An analytic disc / : ID —>■ D is called a 
complex N-geodesic if there is a holomorphic function F : D ^ M such that F o f 
is a Blaschke product of degree N — 1. 

The function F is called a left inverse to the complex N-geodesic f. 

Any complex A^-geodesic is A^-extremal. The following self-evident observation 
may be viewed as a starting point of our considerations: 

Lemma 17. Let / : ID ^ ID” be a complex N-geodesic. Let F : D" —>■ ID &e its left 
inverse. Let b denote the Blaschke product F o f. Then for any pairwise distinct 
Ai,..., Aat S ID the N-point Pick interpolation problem in ID".' 

f(Xj)^b{Xj), j = l,...,N, 

is extremal. 

Proof. The result is a direct consequence of the extremality of Blaschke products. 

□ 
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Finally recall that all classes of analytic discs listed above coincide in the polydisc. 
Moreover, thanks to argument involving Schur’s reduction, they may be described 
in a very simple way: an analytic disc /:©—>■ ID" is TV-extremal if and only if fj 
is a Blaschke product of degree at most TV — 1 for some j = 1,... ,n. 

5. Non-degenerate and maximal dimensional problem for the bidisc 

AND TRIDISC 

Having a function F : ID” ^ ID interpolating an extremal three-point Pick prob¬ 
lem we are looking for a 3-extremal ip passing through the given nodes and such 
that F is its left inverse. 

Remark 18. It is simply to see that if a component ipj is not a Blaschke product 
of degree 2, then the relation F o (p = b, where 6 is a Blaschke product of degree at 
most 2, implies that F does not depend on j-variable. 

Roughly speaking, we shall find an (open) set of points such that the interpo¬ 
lation problem is extremal, non-degenerate, and of maximal dimension, where the 
latter term means shortly that the problem is strictly n-dimensional. It will be 
relatively simple to check that in the case of the bidisc the set constructed in this 
way is connected. The situation is more complicated in the tridisc. To overcome 
this difficulty we shall exploit some technical approach. 

It is interesting on its own whether the set of points for which the interpolat¬ 
ing function is extremal, non degenerate, and of maximal dimension is in general 
connected. The positive answer to this problem would simplify some parts of the 
proof. 

For an n-fold permutation a and a point z in C” denote Za- = (^ct(i), • ■ ■: Zcr(n))- 
Moreover, let (t{z,w,^) = {za,Wa,^) for {z,w,^) S C" x C" x Pi. 

Let Ad denote the set of points in x Pi, where ID„ is given by (O, such that 
the extremal Pick interpolation problem corresponding to {z,wA) is degenerate. 
Note that 

(12) AdCAoUAdUA'd, 

where 

A'q = {{z,w,^) : ^ = [zi : w^] for some i}, 

A'd = A'^UA'^ = {{z, w, 0 : \zi\ = \zj\ and ^^[ 0 : 1 ] for some i ^ j} 
U{(z,u;,^) : IwiI = |u;j| and ^^[1:0] for some i ^ j}, and 
■^d = 0 ■ ^j) = piwz, Wj) and ^^[1:1] for some i 7 ^ j}. 

It is quite straightforward to see that Ad is closed in Vn x Pi. This fact together 
with inclusion m gives: 

Lemma 19. For any subdomain G of Vn the set {G x Pi) \Ad is a domain. In 
particular, {Vn x Pi) \Ad is a domain. 

Proof. Note that A := Mdn(M(;UM0) is closed in Vn. Since A'q is analytic, it suffices 
to show the connectedness of (G x Pi) \M. We shall show that it is path-connected. 

Fix two points (z', w', f,') and (z", w", ^") in (GxPi)\M. Losing no generality, we 
may assume that none of equalities |z'| = |z'|, \w[\ = \w'j\, \z'f\ = |z"|, \w'l\ = \w'-\ 
is satisfied for any i ^ j. 
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Connect {z',w') and {z",w") with a curve 7 : [0,1] —5> G so that 7 does not 
touch any intersection of two different sets of the form {(z,w) € T>n : | 2 :i| = |zj |}, 
{(ZjW;) e Vn : ItCil = liCjl} and {(z.w) € Vn : p{zi,Zj) = p{wi,Wj),}, where 
i ^ j. This is possible as the Hausdorff dimension of any such intersection is equal 
to 2 n — 2 . 

This construction ensures us that none of points (7(t),C)i where t G [0,1] and 
^ G Pi, lies simultaneously in some two sets of the form A'^, A'^ or A!^. 

Making use of the inclusion A C A'j^yj A'^ one can find a curve ^ : [0,1] —)• Pi 
such that t i-A connects {z', w', C) and (z", w", ^") in (X>„ x Pi) \M. □ 

Remark 20. Note that using formulas for left inverses in Lemmas H] [3] and [5] it is 
quite straightforward to describe explicitly the set Md C x Pi. 

5.1. Bidisc, li z,w G I ?2 are such that either |z 2 | < l^ij, |w 2 | < |lci|, and 

-^2 = wzi, W 2 = ujwi for some unimodular constant w, 
then there is an analytic disc of the form A i-A (A, i^(A)), where (p G G(D, ID), 
passing through the nodes 0,z,w. In particular, for any ^ G Pi there is a function 
interpolating the extremal problem corresponding to the data (z, w, that depends 
only on one variable, i.e. the problem is 1 -dimensional. 

Denote U[ = {(z^w) G V 2 : |z 2 | < |z:i|, |w 2 | < \wi\, < p(zi,'ici)}, 

[/{' := cr(t/{), where cr is a 2-fold permutation permuting 1 and 2. Let I := {(z, w) G 
T >2 : Z 2 = u!Zi,W 2 = ujwi for some ui G T}. Put 

Ui ■- U[ U t/[' U I. 

Observe that Ui is closed in X> 2 . 

Lemma 21. 1^2 \Ui is a domain. 

Proof. To see the connectedness fix any t,s G D\{0}. Note that the point 
(s, — s)) lies in X >2 \ Ui. We have to show that any point {z,w) G X >2 \ Gi 
may be connected with ((t, t), (s, —s)) by a curve in 2 A 2 \ Gi. 

Up to a permutation one of the following conditions holds: either |zi| > |z 2 |, 
|wi| < IW 2 I or |zi| < IZ 2 I, |wi| < IW 2 I, p{^,^) > p{z 2 ,W 2 ). If the point (z,^) 
satisfies the first condition, the claim is trivial. If it satisfies the second one, it 
suffices to note that the set {(z, w) G x : |zi| < |z 2 |, |tyi| < |rc 2 |, p(fj) 7 ) 7 ) > 
p(z 2 ,rc 2 )}} is connected and that the point ((t,t), (s, —s)) lies in its closure. □ 

Let us define G = 2?2 \ Gi and 

n = D(D2) := (G X Fi) \ Ad- 
Lemma 22. 11(0^) is a domain. 

Proof. The result is an immediate consequence of Lemmas [T3| and jUJ □ 

5.2. Tridisc. The idea here is to distinguish one and two dimensional data lying 
on 3-complex geodesic. 

i) Let V{ = {(z,w) G D^xD^ : \zj\ < |zi|, \wj \ < jicil, p{^, < p{zi,wi), j = 

2, 3}. Put 

Gi = U X Pi), 

o-GEs 

where S 3 comprises any three 3-fold permutations switching j-th element and 

3, j = 1,2,3. 
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ii) For (p G 0(D,D), a G D^, w G T, and t G [0,1] set 

= (Amai(A),a;ATOa2 (A), Av5(A)), A G D, 
and 7 t_a = tai + (1 — t)a 2 - Let us define 


U 2 ■= {ilpa,uj,ip{x),1pa,uj,Uy)^ (?/)]) ^ «! ^ « 2 , 

a;, 1/ G D \ {0}, X ^ y, t G (0,1), p € 0(ID), D) \ Aut(D)}. 

and 

U2= [j a(C/'). 

Finally, put 


(13) 




6 . Main construction 

The main idea of the paper is hidden in the present section. Recall that A = A„ 
denote the closed simplex. Let A° = A° and bA = &A„. 

For n G N consider the mapping 

$:DxDxD”xAx ^ D” x D” x Pi 

given by the formula 

^{x,y,a,t,Uj) = i'lpu:,aix),-lpu>.aiy),[^'^t-aix) : 1/TOt.Q, (y)]) , 

where 


tpuj,aW = (Am„i(A),wiAma2(A),..., w„_iATOa„(A)), Ago. 

Let A(D’^) := For the simplicity we shall sometimes write X = 

A(D”) and H = 11(0’"). 

Observe that A(O^) consists of points {x,y,a,t,ijj) G O x O x O^ x [0,1] x T 
such that X y, X ^ 0, y ^ 0, t G (0,1) and ai ^ 02 . 

Similarly, X (O^) comprises (cc, y, a, 1, w) G O x O x O^ x A x T such that x ^ y, 
cc ^ 0, y 0, 1 G A^, and points ai, a 2,013 are not co-linear (note that an extremal 
Pick problem corresponding to data in (V 3 x Pi )\ 12(03) |^g interpolated either 

by a function depending on one variable or, up to a permutation of variables in C3, 
a function depending on two variables of the form 0 ; then use Lemma fT^ . 

Lemma 23. Let n = 2 or n = 3. Then $(A(0")) is open in 12(0’"). 

Proof. We shall prove the theorem simultaneously for n = 2 and n = 3. The crucial 
observation is that dim A = dim 12 = 4n + 2. This will allow us to make use of the 
invariance of domain theorem. 

Claim 1. is locally injective on X. Moreover, it is 2 — 1 and even with respect 
to X, y, a i.e. $(a;, y, a, t, uj) = $(—x, —y, —a, t, to) for (x, y, a, t, uj) G A(0"). 


Proof of claim. Let (x, y, a, t, w), (x', y', a', t', uj') G A be such that 
(14) $(x,y,a,t,w) = $(x', y', a', t', w'). 
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As already mentioned, the definition of X guarantees that, in particular, t, t' G A°, 
xy ^ 0 , X ^ y, and that ai ^ a 2 - Let Fa^ui^t : D” —>• D be a left inverse to i/'cj.ct, 
constructed in Section [01 Since both problems 


{ OhaO, fOhAO, 

'0a;,a(a;) l-A xmt.a{x) and < l-A x'mt'.a'ix') 

^uj,a{y) ^ ymt.aiy) [«'(?/') y'mf.a'iy') 

are extremal (see Lemma flTll . we find from (|14ll that xmt-aix) = Tx'mt'.a'{x') and 
ymt aiy) = Ty'mt'.a'{.y') for some unimodular r. From this equalities we deduce 
that r = 1. Moreover, they imply that o fixes the origin and sends 

x' to x’lnt'-a'ix') and y' to y'nit'-a'iy')- Consequently, Fa^aj,t is a Blaschke 

product of degree 2. Thus, according to Lemma fTTl uj = oj' and . 

Composing the equality {xma^{x),xma^{x)) = {x'ma'^{x'),x'ma>^{x')) with the 
function of the form where s G [0,1] and y = ) we get 

(f5) ^III'sai + (l —s)q 2 (^) ^ msa^ + (l —s)q 2 )’ 

Analogously, the relation 


(16) 2/msai + (l-s)a2 (y) = 2/'"*sai + (l-s)a^ {v') 

holds for any s G [0,1]. Looking at equations (ITSl) and (fTCl) as at rational functions 

depending on s and comparing their coefficients we find that 


a2 — X a'2 — x' 
(y.\ — CI2 — CI2 


and 


Moreover, 


1 — xa 2 
x{ai — q; 2 ) 

Oil —Oi2 ~Q^2 

ai— 6i2 q:^— 0:2 


1 — x'a '2 

x'{a\ -a'2y 
and thus 


0-2-y _ a'2 - y' 

CIi — 0^2 a^\ — 0^2 

1 - ya2 _ 1 - y'a'2 

y{ai-a 2 ) y'{a[-a 2 )' 


y - «2 


^7 — an 
x' _£ 

a'i — a'n 


Qf 2 


^ — (F 2 
jr _f_ 

a'l — a'n 


O-l — Oi2 OL-^ — 0^2 0^1 — OL 2 — uc^ 

Subtracting and dividing proper equalities listed above we get 


X — y X — y 


X — 


X — ^ 

v' 


1 . ’ 
v' 


and 


\ 
y 


x- ^ 

y'-¥ 


The first relation immediately implies that xy = x'y'. From the second one we 
deduce that \x'y\ = \xy'\^ and consequently \x'\ = \x\ and \y'\ = \y\. Putting it 
to the last equality we find that xy' = x'y. These relations imply that x = x', 
y = y' or X = —x', y = —y'. Making use of the equalities xuiaj^x) = x'ma'^{x'), 
yrria-iy) = y'ma’.{y'), j = l,...,n, we infer that either {x,y,a) = {x',y',a') or 
ix,y,a) = {-x',-y',-a'). 

Both these cases imply that mt.a(x) = mt'-aix), and rrit-aiy) — There¬ 
fore t = t'. □ 


Thus the claim follows and, according to the invariance of domain theorem, we 
have shown that $(A) is open in 17. □ 

Lemma 24. 4>(A) is closed in 17. 
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Proof. Take a sequence in converging to {z',w',^') in Let 

{xv^yvjOtuTtuTUJu) G X be such that ^{x„,y„,a^,t^,uiu) = {z„,Wu,^v)- Put ai, := 
x„mt^.a^{x^) and := y„rnt^.a^{y^). Clearly, = 1- Passing to a 

subsequence we may assume that {x^,yv,otv,tv,uJv) is convergent in X. Denote 
its limit by {x',y',a',t',uj'). We may also assume that a-„ —>• a' and ^ t'. By 
the continuity of t we find that .w',{a'. t') = 1 and thus the 3-point Pick problem 
D" —>• D: 

fO HA 0 

(17) Iz'^a' 

[in' H> r' 

is extremal. 

Our aim is to show that {x',y', a' ,t',uj') lies in X. Assume the contrary. 

The simplest case is when both x' and y' are in B). Then trivially, x' ^ y'. If 
t' G 6A, then the extremal problem corresponding to (z', w', ^') is n —1-dimensional. 
If a' G T for some j, then there is a 2-extremal passing through the nodes, whence 
(HZD is 1-dimensional. Moreover if ai = 02 , when n = 2 (respectively, if a'l, a' 2 , a'^ 
are co-linear, when n = 3), the problem is n — 1-dimensional. 

Assume that x', y' G T. Note that then x' = y' = o' for j = 1,..., n. Moreover, 

is convergent to j = l,...,n, (here we 

put Wo = 1) and {mt^.a^{xv),mt^.a^{yv)) converges to ((T',r'). Therefore p(ai', y') = 
p((t', t') = p{Zj,Wj), j = 1,..., n. Hence, problem (flTll is degenerate and (z', w', ^') 
does not lie in D; a contradiction. 

Now consider the case when, up to a permutation of x' and y', x' G T and y' G D. 
Then o' G T for all j = Using these relations we infer that |?c'| = \y'\, 

j = l,...,n, and \t'\ = \y'\. Therefore, problem (flTl) is degenerate, as well. This 
again gives a contradiction. □ 


7. Proof for the bidisc 
In this section we shall present: 

Proof of Lemma\^ It follows from Lemmathat f2(ID)^) is connected. Moreover, 
<i)(Al(D^)) is an open-closed subset of D(D^), according to Lemmas [23l and [24l 
Therefore we get that 

$(A(ID)^)) = D(D2). 

From this equality and Remark 1181 one can deduce the result. □ 

8 . Proof for the tridisc 

The aim of this section if to prove Lemma [3l Our approach is quite technical 
and the proof is preceded by few preparatory results. Several times we shall make 
use of already proven Lemma O 
Let us denote 

X:= (D3 xPi)\Md. 

Recall that D(D^) = X \ C/i U 1 / 2 . 

For a subdomain IT of Da x Pi by a topological boundary of W with respect to 
X we understand X n dW. 
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Lemma 25. There is a closed set U such that the topological boundary of Ui with 
respect to X is contained in the unionUU{Ui U U 2 ) and the Hausdorff codimension 
ofU is equal to 2. 


Proof. Let I denote the following analytic set: 

X = G X : Zi = Wi V = 0 V Wi = Q, V ZiWj = ZjWi}. 

Take a point (z, w) in the topological boundary of V{ with respect to x such 
that {z,w) ^ X. Thus, \zj\ < \zi\, jiUjI < Ircij for j = 2,3, and the equality 

(18) =p(zi,u;i) 

V^I Wij 

holds for somej = 2,3 (for {z,w) G 9VYn(D^xD^) one of the equalities \z2\ = \zi\, 
= \zi\ and the relation {z,w) G X cannot hold simultaneously). 

First, consider the situation when equality (fTSl) is satisfied for two indexes, both 
j = 2 and j = 3. Let us denote 


J" := {(z, w) G X : \zj\<\zi\, |wj| < Iwi], 


P 


Vzi’ Wi) 


p{zi,wi), j = 2,3}. 


Observe that the Hausdorff dimension of J is equal to 2n — 2 and that X U JT" is 
closed. Thus 

U -.= [j a((XU J)xPi) 

is a closed set such that whose Hausdorff codimension is equal to 2. 

What remains to do is to show that any point (z, ui, ^), where (z, w) satisfies the 
equality m with exactly one j, lies in Ui UU 2 ° ■ 

Losing no generality suppose that 


(19) 


P 


( £ 2 . 

Vzi’ Wi) 


p{ziiWi) 


and 


P 


(££ 

\Zi Wi) 


< p{zi,Wl). 


The second relation in dT91) implies that Z 3 = p>(zi) and W 3 = (p{wi) for some holo- 
morphic function tp : D —>■ D fixing the origin. Thus the extremal Pick interpolation 
problem ^ ID corresponding to ((zi,Z 2 ), (wi, W2),0 is non-degenerate (other¬ 
wise the problem corresponding to (z, w,^) would be degenerate). Consequently, if 
(z',w',^') is close to {z,w,f), then, by Theorem O the function interpolating the 
extremal problem ID^ —>• D corresponding to ((z},Z 2 ), (w(, is a left inverse 

to a 3-complex geodesic passing through the nodes and being of the form stated 
there. Trivially, if (z', w', ^') is close enough to (z, w,^), then there is a holomorphic 
function : D ^ ID such that Zg = z}i/>(z() and Wg = w[iIj{w[). These properties 
mentioned above provide us with a 3-complex geodesic passing through the nodes 
of a three-extremal problem corresponding to {z',w',f') and whose left inverse de¬ 
pends only on two first variables. Making use of this fact one can trivially check 
that (z', in', ^') G Hi U 1 / 2 . This finishes the proof. □ 


Lemma 26. The topological boundary of Tl = H(D^) with respect to X may be 
divided onto two parts and 600 H such that: biTl is a closed subset ofli of the 
Hausdorff codimension 2, and any point of bao^l is a smooth point of dTL. 
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Remark 27. Before we start to proof the lemma recall that we have already shown 
that the mapping 

$ : X(D2) ^ n(D2), 

is surjective, 2 — 1 , and <l>(ai, y, a, t, oj) = $(—x, —y, —a, t, w). 

Thus from the equation ^(x,y,a,t,uj) = € n(]D>^) we may derive 

x,y,a,t,u; as real analytic functions of {z,w,^), defined locally on r 2 (D^) (glob¬ 
ally, up to a sign). 

Proof of Lemma We shall construct a relatively open subset boofl of the bound¬ 
ary of n comprising points of smoothness of fl. To finish the proof it will be sufficient 
to show that the Hausdorff codimension of a set biil = {dil H X) \ boo^ is equal to 
2 (trivially ((911H X) \ boo^ is closed in X). The set bift will be the union of sets U, 
, 1 / 2 , and 7 / 3 , where U appeared in Lemma [53] and J\,J 2 , Jz are built in several 
steps in the sequel of the proof. 

Take a point {z' ,w' in the boundary of 11 = X \ 17i U 1/2 with respect to 

X. This means that {z',w',£f) G X n (9(17i U 172°)- It follows Lemma [551 that 
{z\w',f') G dUi implies {z',w',f') G U. Therefore it suffices to focus on the case 
when {z',w',^') G { 81 / 2 ) \ Ui. Then there is a permutation a such that 

(20) (z',m',r)e9a([/'). 

Losing no generality suppose that (1501) holds for a = id. 

Involving the case of the bidisc and using the notation from Remark one can 
see that U 2 may be expressed in terms of H(ID^) as follows: 

(21) 1/2 = {iz,w,f,) : 77(z,m,0 = (zi,2 ;2 ,wi,W2,0 S 11(]D>^), \z 3 \ < \x{r])\, 

\w3\<\y{v)\, < P{xir]),y{y))}. 

\x[r]) y{r])J 

Denote y' = y{z',w\C) = {z[, z' 2 ,w[,'w' 2 ,C). 

First consider the case when rj' G 911 (D^). Let {zu,Wu,f,v)v be a sequence in 
U 2 converging to {z',w' Denote Take {x,j,y„,a^,t„,uju) in 

X(D^) such that $(xy, ?/y, = 77 ,^, G D. Passing to a subsequence assume 

that (xi/, y^,au^tv,eOv) is convergent to (x', y', a', 1', uj') G 9X(]D>^). If x', y' G D and 
one of relations x' = 0, y' = 0, x' = y', t' G {0, 1} or a'i,a '2 G D are co-linear is 
satisfied, then the point {z',w',^') lies in the following analytic set: 

Ji = [J{(2;,w,0 : Zi =0 V Wj = 0 V Zi = Wi V i=[zi: Wi]}. 

i 

Assume that x',y',t\a' do not satisfy these relation. We shall show that this 
contradicts the assumptions on {z', 11 )' Let us consider three cases. 

a) x',y' G D. Then o:' G T for some j = 1,2. Losing no generality assume that 
j = 1. Then z[ = a^x', w[ = a'^y', and (z 2 ,W 2 ) = (2:j</3i(z(),ri;j(^i(wj)) for some 
(/?! G ©(D,®). 

If Izgl < |x'| and [wgl < |y'|, then p(ff,^) < p(z'i,w[). If these inequalities 
are not satisfied, then using the equalities ) < p(x„,y„) we infer that 

Xu yu 

Zg = ujx' and Wg = ujy' for some unimodular constants w. Summing up, there is 
Lp 2 G 0(ID),]D)) such that 

( 4 >^) = {z[ip2{,z[),w[^2{w[)). 
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Thus, in this case lies in Ui; a contradiction. 

b) x' e T and y' G D. Then a'l = a'2 = x', whence \y'\ = licil = Thus here 

the problem Pick problem ID) corresponding to the data [r ]'is degenerate. 

More precisely, the sub-problem containing 0 and W2) is extremal (see the proof 
of Lemma iMl) . Clearly, juigl < \y'\. Thus the extremal Pick interpolation problem 
corresponding to is degenerate; a contradiction. 

c) x' G T and y' G T. Observe that x' = y' = a'l = Again, proceeding 

similarly as in the proof of Lemma [Ml we find that the extremal Pick problem ^ 
D corresponding to the data (77', ^') is degenerate, that is the sub-problem composed 
of z' and w' is extremal. Then y^) = 2 . 

Letting 1/ —>• c>o we get p(z'2,w'^) < p{Zj,w'j), j = 1 , 2 . Therefore the problem 
corresponding to {z',w',^') is also degenerate, which again gives a contradiction. 

We are left with the case 77' G O(D^). If one of the equalities l^gl < 

|iCg| < \y{p') \ is not satisfied, there is a unimodular constant w such that Zg = ujx{p') 
and rcg = Loyir]'). Put 

(22) J2-.= [_](T{{{z,w,i) : 77 = (zi,Z2,-m)i,w)2,6 G 

<7 

Z3 = ujx{p), W3 = ujy{p) for some ui G T}). 

Note that the Hausdorff codimension of D 7 i is equal to 3 . 

Suppose that 77' G n(ID>^) and \z'^\ < |x(77')|, Iwgl < \y{p')\. Then the boundary 
of U2 near (z', w', C) is given by the equation p(^, = p{x{r]), 7/(77)) and thus 

U2 is smooth here. 

We shall consider two possibilities depending on a number of permutation in Eg 
condition (|20)) is satisfied for. 

I) Suppose first that there is only one permutation for which (12011 is satisfied (we 
assume that it is the identity). This is a point of smoothness of U2, as U2 is smooth 
there. Denote the subset of such points in dU^ by S and define 

( 23 ) b^n:=[jaiS). 

(T 

II) Suppose that (l 20 l) is satisfied for another permutation a. First, observe that 
there are w G T and 7 G D such that 

( 24 ) ( 4 >^) = i‘^x{T]')rn^ix{r)')),ujy{T]')rn^{y{r)'))). 

Let a{r]') and 07(77') be as in Remark 1271 Let 5 be a convex combination of ai{ri') 
and 0:2(77') such that ^ = [xir]')msix{r]')) : yir]')ms{y{r]'))]. 

Since (z', w', ^') is in da{U2), there is a function F that interpolates the problem 
corresponding to {z',w',^') independent on one of variables zi or Z2. Multiplying, 
if necessary, A by a unimodular constant, we may assume that analytic discs A 1— 
F(AmQ,j(^q(A), 07 ( 77 ')A 77 ia 2 (^q(A),a 7 A 77 ig,(A)) and A 1—?■ Xms{X) coincide at 0 , x{ri') 
and y{r]'). Thus 

F{Xmaj^(ri')iX),oj{r]')Xma 2 (ri'){X),u}Xmj{X)) = Xms{X), A G D. 

It follows from Lemma 1121 that 5 is a convex combination of 7 and 01(77') or of 
7 and 02(77'). Both case imply that 7 lies on a real line passing through 01(77'), 
02(77'). Therefore, making use of (l 24 l) we find X n dU^ n da{U2) is contained in a 
set DTs whose Hausdorff codimension is equal to 2 . □ 
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As an immediate consequence we get: 

Corollary 28. X \ biH. is a domain. 

Lemma 29. Topological boundaries o/$(Ar(D^)) and S7(D^) taken with respect to 
X \ biU do coincide. 

Proof. Since $(A') is closed in 17 (see Lemma 1241) we find that i9$(X) is contained 

dn. 

On the other hand the proof of Lemma [26] (see formula (l23l) l contains a precise 
description of the topological boundary of 17 with respect to X \ 6il7. Using this 
we get any point in 917 O (X \ 5il7) is of the form [xms{x) : yms{y)]), 

where fjiiX) = uiiUiaiiX), at £ M, oji, i = 1,2,3, and S lies in the boundary of the 
simplex generated by 01 , 02 , 0 : 3 . 

Replacing x, y, o, S with cox, ojy, uia^ oj6, where w is a proper unimodular 
constant, we may assume that wi = 1. Making use of the formula for $ : Ar(D^) ^ 
17(D^) we get that {'tf{x),'ijj{y), [xms{x) : yms{y)]) lies in 9<i>(X). □ 

Lemma 30. $(X(D^)) = 17(D^). 

Proof. Assume that the inclusion $(X) C 17 is strict. Fix a:: £ 17 \ $(Ar) and any 
y £ d?(X). Thanks to Corollary [28l we may join x and y with a curve 7 : [ 0 , 1 ]^ 
X \ 6il7 starting at x. Let to = supt, where the supremum is taken over t > 0 such 
that 7 ([ 0 ,t)) is contained in 17. 

Claim 2. There is no s > 0 such that 7 ([ 0 , s]) C 17 and 7 ( 5 ) £ $(^). 

Proof of claim. If the claim were not true, 7 |[o,s] would not intersect the boundary 
of d?(X), by Lemma [29l This implies that 7 ([ 0 , s]) C ‘b(^); a contradiction. □ 

We are coming back to the proof of the lemma. An immediate consequence of 
Claim|2]is that to £ (0,1). Of course 7 (^ 0 ) lies in the boundary of 17. Since 7 (^ 0 ) is 
a smooth point of 17 we may change the variables so that in a small neighborhood 
U{to) of the point 7(7o) the boundary 917 is a graph of a function and [/(7o)nl7 lies 
above it. It follows from Lemma [29l that <1>(X) nl7(7o) is a component of [/(7o)\917 
and since $(X) C 17 we hnd that $(Ar) 0 U{to) = 17 0 U{to), providing that U{to) 
is small enough. Consequently, 7 ( 7 ) £ $(X) for 7 < 7o sufficiently close to 7o, 
contradicting Claim [2] □ 

Remark 31. Note that the set of triples (ai,a 2 ,Q! 3 ), where aj £ are pairwise 
distinct and not co-linear, has two connected components. Clearly, if a belongs to 
one of them, —a lies in the second one. 

Consequently, X(D^) has two connected components. On the other hand, since 
$ is even with respect to (x, y, a), we find that 17(D^) is connected. 

Proof of Lemma 0 The result is a direct consequence of Lemma|30l the definition of 
17 (D^), the formula for $ : Ai(D^) — 5 , 17 (D^), and Lemma|2]together with R.emarklTSl 

□ 


9. Proof for D”, n > 4 

Remark 32. Suppose that the assertion of Theorem [T] is satisfied for the extremal 
problem corresponding to C Pn x Pi for all 1 / £ N. Suppose also 

{zv,Wv,iv) converges to (zo,R'o,Co) £ Pn x Pi. Then it is simple to see that either 


THREE-POINT NEVANLINNA PICK PROBLEM IN THE POLYDISC 


19 


the extremal Pick interpolation problem corresponding to (zo, wq, ^o) is degenerate 
or it is a left inverse to a 3-complex geodesic passing through the nodes, i.e. it also 
satisfies the assertion of Theorem [TJ 

Proof of Lemma [3 The proof is quite technical. Some methods and arguments 
used below are similar to the ones involved in the proof of Theorem [31 In that case 
we shall sketch them rather then provide an accurate proof. 

It follows from Remark [32] that it is enough to show the assertion for a dense 
subset of Vn X Pi. 

For our convenience we shall remove a slightly bigger set from ID” x D" x Pi. 
Let I = {(z,rc) £ ID” X D” : Zj = Wi or Zj = 0 or Wj = 0 for some i} and let V'^ = 
D” X D” \ I. Put zj = (zjj,..., Zij.), where I = {ii,... ,ik}, 1 < *i < ... < ik < n, 
k < n. Let Bd denote the set of points {z,w,^) in x Pi such that for some I 
the three-point Pick problem corresponding to the data (zj,wi,^) is degenerate for 
some non-empty I C {1,..., n}. Note that Bd is closed and that it is contained in 
the union of Ao, A'd and Al'd- Thus the argument used in Lemma [19] (with exactly 
the same proof) shows that X' := (fD'^ x Pi) \ is a domain. 

Let biPl be as in Lemma (261 Put = {(z,i(;,^) G X' : {zi,wi,^) £ 

biQ for some / = {*1,12, *3}}- Since is closed in X' and its Hausdorff codi¬ 
mension is equal to 2 we infer that Y := X' \ is a domain. 

We shall divide Y onto sets composed of points lying on 3-extremals and such 
that the extremal Pick problem corresponding to them is strictly j dimensional, 
j = 1,2,3. These sets will be denoted respectively by Llj, j = 1,2,3. To get the 
assertion we shall show that the closure of fli U f22 U fls is open in Y \ ^ for some 
set A closed in Y and whose Hausdorff codimension is equal to 2. The set A will 
be expressed as the union of Ai, i = 1,2, 3, constructed in three steps below. 

To simplify some expressions we shall introduce additional notation. Let 

'ifcpiX) = (A, Ay)i(A),..., A</5 „_i(A)), a £ id, 

where ip £ 0(ID,D”“^). Moreover, put wq = 1 and denote 

'ipa,ip,ujW = (woAmai(A),..., Wfc-iAruaj^(A), Xifi (A),..., Xip„-k{X)), 

where a £ IDfc, ip £ 0(ID,]D”“^), oj = {oji,... ,ujk-i) £ k = 2,3. Here ID2 

(respectively ID3) denotes the subset of the bidisc (resp. tridisc) composed of a such 
that Qfi 7^ 02 (resp. oi, 02, <^3 are not co-linear). Let us define 

Di = {(V'v(a;),i/><^(?/),C) : x,y £ ]D\ {0}, x^y, p & 0(0,11)”“^)} 

and 

Dk = {ixl^a,ip,ui[x),'4)a,v,ui{y)^ [xmt.a[x) ymt-aiv)]) ■■ a £ Dfe, 

a;,y £ ID\{0}, x^y, w £ v? £ C>(D,t £ A^}, k = 2,2,. 
Finally, we put 

nk = [JaiDk), k = 1,2,3, 

(7 

where the union is taken over n-fold permutations. 

-O 

To deal with the boundary of Hi U 112 U H3 we shall focus on boundaries of Dk, 
k = 1,2,3. 
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1) £>1 may be expressed as 

{{z,w,^) eVnXFi : \zj\ < \zi\, \wj\ < |wi|, 

p{zjlzi,Wjlwi) < p{zi,wi), j = 2,...,n}. 
In dDi we may distinguish special sets 

{(z,w,^) : Zj = Lozi,Wj = uiwi for some j = 2,... ,n, and a; S T} 

and 


{(^,■ 10 ,^): |zj| < |zi|, |wj| < |wi|, j = 2, and 

p{zk/zi,Wk/Wi) = p{zi,wi) for two different indexes fc}. 


Denote their union by A'l and put Ai = a(A[), where the union is taken over 

u-fold permutations. Note that Ai is closed in Y and the Hausdorff codimension 
of Ai is equal to 2. 

Take a point {z',w'A') in the boundary of Di with respect to Y omitting Ai- 

-O 

We aim at showing that this points lies in U D 2 U fls . 

There is j such that p{zjfz[,Wjjw[) = p{z[,w[) and 


(25) 



< P{z'i,w[) 


for other indexes k > 2, k ^ j. Losing no generality we may assume that j = 2. 
If {z,wA) is close enough to {z\w',^'), relations ((^ remain true. Making use of 
these inequalities and applying Lemma H] we find that (z, € DiU D 2 ■ 

2) We shall focus on dD 2 \ fli. Note that D 2 may be expressed in terms of the 
inverse of $ : X(]D>^) ^ il(D^) (see Bemark iTTll in the following way: 


D 2 = {(z,u;,^) : rj = p{z,w,^) = ((zi,Z 2 ), (mi, ^ 2 ),^) e fl(D^), \zj\ < \x{'q)\, 

kil < \yiv)\, J = 3,...,u}. 

There is a closed set A 2 in Y of Hausdorff codimension 2 such that any point 
{z,wA) in dD 2 n Y satisfying 

• rj £ 9r2(D^), or 

• T] £ H(]D>^) and \zj \ = |a:(? 7 )| for some j, or 

• T] £ H(]D>^) and the equalities /o(y^, :^j)) = p(2^(^); J/(^)) nre satisfied for 
at least two distinct indexes j > 3, 

lies either in Hi or in A 2 - Again, we may modify it so that ( 7 (^ 2 ) = -42 for any 
n-fold permutation cr. 

Take a point {z',w',^') in dD 2 flX omitting -42 UD 1 . Then, up to a permutation 
of components, the following relations hold: p' = {{z[, z'^), {w[,W 2 )A') ^ H(D^), 
141 < k(4)l, kfcl < 12/(4)I for fc > 3 and 


4 \ 

xIpi'Y y{p')) 


p{x{p'),y{p')), 


Zj w'j \ 

x{p')' y{p')) 


< p{x{p),y{p)) for j > 4. 


In particular, D 2 is smooth in a neighborhood of (z',m',4)- 

Denote x' = x{i), y' = y{p'), t' = (^ 1 ( 17 '),t 2 (4).0), and a' = 0^(4), j = 1,2- 
Let 0:3 and a ;3 be such that (z^^a) = {x! 3 x'ma>^{x'),uj'^y'maYy'))- 
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Let (z, w,^) G Y be close enough to (z', w', ^') and such that {z, w, ^02- Since 
{z,w,^) ^ we see that 9 {z', w', ^') = {{z[,Z2,z'^), {w[,W2,w'^),^') is a point of 
smoothness of ri(D^) and that 9 {z, w, = {{zi, Z2, Z3), {wi,W2, W3), G 0(1])^) (see 
Lemma [26] for details). In particular, there is {x,y,oj,a,t) G X(D^) such that 

<^{x,y,a,uj,t) = 9{z,w,^). 

Claim 3. Up to a sign, x is close to x{r]') providing that {z,w,^) 0 D 2 is close 
enough to {z',w',^'). 


Proof of claim. Assume a contrary. Then there is a sequence a^, Wi,, C 

A(D^) such that ^{x„,yv,a„,ui^,t^) 9 {z',w' and Xi, is far away from x' and 

—x'. We may assume that this sequence is convergent in Let us denote 

its limit point by (x°,?/°,a°,a;°,<°). Note that ^ T, as otherwise the interpo¬ 
lation problem corresponding to {{z[, Z2, z'^), {w'i,W2,w'^),^') would be degenerate 
and consequently {z',w',^') G Bd- Similarly, ^ ?/°, G D and a? ^ a^- In 

particular, $ extends analytically in a neighborhood of (a:°, 2/°, a°, and 


(26) 


$(a;°,2/°,a°,w°,t°) = 9{z',w',^') = ^{x',y',a\u}',t'). 


Let A be a function depending on the first two variables interpolating the problem 
corresponding to {{z[,Z 2 ,z'^),{w[,W 2 ,w'^),C) (recall that tg = 0). From (1^ we 
deduce that F(Atoq,o(A), AmQ,o(A)) = 'yXmto.^o(X), A G D for some unimodular 
constant 7. Lemma [T2| implies that for some s° G A^. We 


may rewrite (1261) in terms of $ : A(D^) —>• U(D^) obtaining: 

$(a:°,y°, (a?, a^), wj, s°) = ^ix',y', a 2 ), uj[, (t'l,^))- 

It follows from Claim[I]that either x^ = x' or x^ = —x'. This gives a contradiction. 

□ 


It follows from the claim that the inequalities p(zjlx,Wjjy) < p{x,y) hold for 
every j > 4 if {z,w,^) ^ D 2 is sufficiently close to {z',w',^'). Consequently, 
(z, w, ^) G L>3, whence (z', w' , ^') G £>2 U £>3°. 

3) We are left with the boundary of D 3 . Here we may express D 3 in terms of 
the inverse to $ : A(D^) —>■ U(ID)^) as follows: 

£>3 = {(z,u;,^) : 9 = ((zi, Z 2 , Z 3 ), (wi, ii; 2 , W 3 ), C) G ^^(D^), 

Let {z',w',^') G Yn dD^. Similarly as before it is elementary to see that either 
(z', w', ^') G £>1 U £>2 U A3 for some closed set of Hausdorff codimension equal to 2, 
or 9' = 9{z',w',^) G U(D^) and the equality 

/ z' w' \ 

(27) 

is satisfied for exactly one j. Again we may replace, if necessary, A3 with |J^ o'(A3). 

If the second possibility mentioned above holds, that is when 9' G U(D^) and 
equality (EZl) is satisfied, the boundary of £>3 is smooth in a neighborhood of 

Let w G T and 0:4 G D be such that 

(z',w') = {Lox{9')maAx(.Q')),^y{^')'maAy{^')))- 
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Clearly, t{ 6 ') • a{0') lies in the open simplex generated by ai[ 9 '),a 2 { 0 '),a 3 { 6 '). 
However, there is another simplex, say Ai, containing t{9') ■ a{9') that is generated 
by some three from four points ai{9’), a 2 { 9 '), a 3 { 9 '), 04 . 

Thus, for some permutation a that switches j-th element with the 4-th one for 
somej = 1, 2,3, the point lies in ( 7 ( 1 ) 3 ). H t{9') ■ a{9') lies in boundary of 

simplex Ai, then the point lies in a{Di) U a{D 2 ). That case is covered 

by considerations conducted above by 1) and 2). Otherwise {z',w',^') is a point of 
smoothness a{D 3 ). 

Note that in a neighborhood of this point the boundaries of D 3 and ( 7 ( 1 ) 3 ) 
coincide. Thus to finish the proof we need to show that D3 and (7(1)3) are not 
equal in a small neighborhood of (z',w 'From this we will find immediately 
that {z', w', ^') G D 3 U ( 7 ( 7 ) 3 ) ■ 

To show that D 3 and ( 7 ( 7 ) 3 ) are not equal we shall prove more, namely that 
7)3 n ( 7 ( 7 ) 3 ) = 0- Assume the contrary, and take {z,w,^) G 7)3 fl ( 7 ( 7 ) 3 ). Then 
{z,w,^) = {i^a,(p,ui{x),'ipa,(p,bj{y)) for proper a,(p,uj and x,y. On the other hand, 
since {z,w,^) lies in ct( 7)3), there exists a function F interpolating the extremal 
problem corresponding to {z,w,^) which is in independent on j-th variable, where 
j = 1, 2, 3, is such that the permutation cr switches j-th element with 4. 

Clearly F otpa,<p,ui is a Blaschke product of degree 2, so according to Remark IT^ 
F is independent of the 4-th variable, which means that the extremal problem 
corresponding to {z,w,^) is 2-dimensional. But this contradicts the fact that 
iz,w,i) G 7 ) 3 . 

□ 


10. Relations with Geometric Function Theory problems 

The results announced here have some interesting relations with Geometric Func¬ 
tion Theory problems. We outline them below. All necessary definitions of objects 
we are dealing with and that are skipped here may be found in m- 

The most direct application is the Coman conjecture for the polydisc stating that 
the Green and Lempert functions with two poles of equal weights are equal for D". 
To state it we need some definitions: Let 7) ba a domain in C" and 1 / : 7) —>■ K+ 
be a p-admissible (i.e. its support suppu is finite). Define 

inf{^"Hfog|CI : C e V'"^(r’)} 

lUGSUpp D 

and 

lr){z,v) = inf{(i(i/() : = z:, i/' is a ^-admissible disk}. 

A function I£> is called the generalized Lempert function Moreover, let 
cd(z,p) = sup{log|/(z)| : f&0{D,W), 

We call cd the generalized Caratheodory function. 

For a plurisubharmonic function u in a neighborhood of a point zq in C", the 
Lelong number of u at zq, denoted throughout the paper by Pu(zo), is defined as 
the supremum of all u such that u(z) < ulog ||z — zo|| + 0(1) for z sufficiently close 
to Zq. 

Recall the pluricomplex Green function with several poles determined by u, where 
1 / : 7) — >■ IR.+ is admissible, goi^z, v) is given by 

g_D(z, p) = sup{m < 0 : u^VSH-iD), > u}. 
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The inequalities cd < go < Id are trivial. 

Coman conjectured in m that the equality gg = Id holds. The equality was 
proved to be true for the Euclidean ball in C" and the bidisc in the case of two 
points with equal weight, i.e. ii v = 5p Sq. Nevertheless, it turned out that in 
general the conjecture is not true. 

We shall need the following: 

Lemma 33. Let v = ^Pj! Pj ^ Then the equality 

cd{z,v) = lD{z,iy) 

holds if and only if a function interpolating the extremal problem 

Z M- (T 
Pi T 

Pn 

is a left inverse to a 3-complex geodesic passing through the nodes z,pi,... ,pn- 

The proof of this fact is quite trivial. However, the point is that the Coman 
conjecture does not hold either for N = 3 and the weights equal in the bidisc or in 
the case of any bounded domain (see [53] and nni). As a consequence we get that 
Theorem [T] cannot be extended to the case of N points, with fV > 4. This shows 
that the case of three points is very special. On the other hand we suspect that it 
is not a rare phenomenon in the sense that similar properties probably hold for a 
bigger class of domains. 

As already mentioned, the results presented here are new even for the bidisc just 
to mention that their simple consequence is a well known and definitely non-trivial 
fact (see |7] and |15j ) that all holomorphically invariant functions with one variable 
lying on the royal variety coincide in the so called symmetrized bidisc, denoted here 
by G 2 (the equality on G 2 x G 2 may be also concluded, however of that fact requires 
more than a two-lines argument). This may stated as follows: 

Proposition 34. Let D he a domain in C” and let F : D" D be a proper 
holomorphic mapping of multiplicity 2. Let z he any point lying in the locus set of 
F. Then 

cd{z,-) = Id{zd)- 

The proof of this fact is a simple consequence of our results and is skipped here 
as it lies beyond the scope of the paper. 

There is also another domain for which the equality of holomorphically invariant 
metrics is non-trivial - the tetrablock which, in turn, may be expressed as an image 
of the classical Cartan domain of the second type in under a proper holomor¬ 
phic mapping of multiplicity 2 (see [1] and [12] for details). Thus the properties 
of both special domains as well as behavior or 3-extremals in the Euclidean unit 
ball (see m and [5^) and the fact the Coman conjecture remains true there sug¬ 
gest that a counterpart of Theorem [T] holds in a bigger class of domains containing 
among others classical Cartan domains (it is worth pointing out that the Coman 
conjecture was also proved for the unit ball in C" - see m and m)- 

A positive answer to that problem, beyond being interesting on its own (as a 
solution of the three Pick problem is not known for such a class of domains), would 
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probably provide us with non-trivial domains for which the assertion of Lempert’s 
theorem is satisfied (see [E]). 
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